We study three-point correlation functions of local operators in planar N = 4 SYM at weak coupling using integrability. We consider correlation functions involving two scalar BPS operators and an operator with spin, in the so called SL(2) sector. At tree level we derive the corresponding structure constant for any such operator. We also conjecture its one loop correction. To check our proposals we analyze the conformal partial wave decomposition of known four-point correlation functions of BPS operators. In perturbation theory, we extract from this decomposition sums of structure constants involving all primaries of a given spin and twist. On the other hand, in our integrable setup these sum rules are computed by summing over all solutions to the Bethe equations. A perfect match is found between the two approaches.
Introduction and Main Result
In this paper we study three-point correlation functions of local operators in planar N = 4 SYM at tree level and at one loop using the underlying integrable structure of the theory [1] . We will study the structure constant C ••• governing the correlation functions involving two scalar BPS operators and a spin S operator in the so called SL(2) sector as depicted in figure 1. Our work generalizes some of the results in [2, 3] from the compact SU (2) case to the non-compact SL(2) setup. We start by describing our setup and presenting our main result (12) .
We consider the correlation function 
where bar stands for complex conjugation.
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Each protected operators is taken to be in a SU (2) sector and is therefore parametrized by two integers that indicate how many complex scalars it is made of, see figure 1.
2 For example, 
The operator O
BP S (x) is given by a similar expression with l → L − l and with the complex scalarX replaced by its conjugate X.
The non-BPS spin S operator is more interesting and its form is governed by a non-trivial wave function O S (x) = 1≤n 1 ≤n 2 ≤···≤n S ≤L ψ(n 1 , . . . , n S ) O n 1 ,...,n S (x) (4) where O n 1 ,...,n S (x) stands for an operator with L scalars and derivatives at positions n 1 , n 2 , etc. We also include some conventional 1/m! numerical coefficients if m derivatives act on the same scalar field. That is, . . ) etc. For a generic twist L and spin S, there are several possible primary operators (4) corresponding to different possible wave functions ψ. These wave functions are found by requiring that the states (4) diagonalize the quantum corrected N = 4 dilatation operator. 1 To be more precise, this normalization condition does not fix the structure constant completely since we can always multiply any of the three operators by a phase. This does not affect the two point functions (2) but changes the phase of C ••• in (1) . Hence, by itself the structure constant is not a physical quantity but its absolute value is. In this paper we always use the freedom of tuning the phase of the external operators to set the structure constant in (1) to be real. 2 We assume that N ≥ 1 but the exact value of N will be irrelevant for the most part. For example, the dependence of N is trivial and factorizes in our main result (12) . The reason why we do not consider the N = 0 case is that in that case the length of the non-BPS operator would be equal to the sum of the lengths of the two BPS operators. In other words, there would be no propagators on the top of figure 1 and this correlator would be extremal. For extremal correlators we also need to take into account the operator mixing of the large operator with double traces which is an annoying complication. On the other hand, this same mixing is suppressed at large N c if the correlator is not extremal. This is why we want at least a small bridge on top of figure 1, i.e. N ≥ 1. This same reasoning led to the SU (2) setup of [2] for scalar operators.
At tree level we have a large degeneracy of several primary operators with the same classical dimension L + S. As we turn on the coupling, these dimensions acquire quantum corrections and this degeneracy is lifted. Since the degeneracy is lifted already at one loop, the one loop eigenstates are enough to parametrize the states at any order in perturbation theory. Both the leading order eigenstates and their first loop corrections are described in detail in Section 3.
For now their precise form is not important. It suffices to know that each primary operator is parametrized by a set of real numbers {u 1 , . . . , u S } called Bethe roots. These Bethe roots are constrained by a set of so called Bethe ansatz equations that arise once we impose periodicity for the wave function in (4) and that take the form [4, 5, 6, 7] 
In this expression the momentum p(u) and the S-matrix S(u, v) are best parametrized using the so called Zhukovsky variables x(u) given by
where the coupling
In terms of these,
The BES dressing phase σ 2 (u, v) [8] is irrelevant and can be set to 1 throughout this paper since it first deviates from 1 at four loops which is way beyond the scope of this work.
The different solutions to the Bethe equations (6) are in one to one correspondence with the different possible primaries (4) . The quantum corrected dimension ∆ of the operator O S -which appears in the exponents in (1) and (2) -is simply given by
It is not hard to count the number of solutions to (6) for a given spin S and twist L.
For example, for twist L = 2 there is a single solution to (6) for even S and no solution for odd spin. This means that for twist 2 there is actually no degeneracy at all. This makes the study of these operators and their correlation functions considerably simpler and, indeed, these are the operators that are studied in greater depth in the literature. 
The structure constant C ••• in (1) depends explicitly on the integers N , L, l, S, on the coupling g and on the set of Bethe roots {u 1 , . . . , u S } solving (6) . The purpose of this paper is to study this quantity at tree level and one loop in the planar limit. We derived this quantity at tree level and proposed a conjecture for its value at one loop. In total, our main result reads
The result (12) is, not surprisingly, strikingly similar to the analogue SU (2) result -see equation (24) in [3] and Appendix E for a detailed comparison. The contribution B depends uniquely on the non-BPS operator and is given by a simple determinant,
The most interesting contribution is A l which depends explicitly on the three-point function setup through the integer l, see figure 1 . This contribution can be written as a sum over all possible ways of splitting the Bethe roots {u j } into two partitions,
Finally, in this expression, the function f(u, v) reads
The main difference to the SU(2) result -reviewed in appendix E -is the form of this function f(u, v).
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This concludes the discussion of our main result for the structure constants in (1).
It would be very interesting to generalize this computation to more general correlation functions, where more than one operator has spin, see e.g. [11] and [12] for interesting works in this direction. It would also be instructive to study interesting limits of our conjecture (12) such as large spin limits, in the spirit of [13] and [14] . Other very interesting limits to play with would be those where the integer spin is analytically continued to complex values and taken to extreme values such as S → −1 where all loop constraints [15] might guide us figuring out the next quantum corrections to (12) . Our work, when combined with [2, 3] and [16] , provides valuable hints about the structure of correlation functions of generic local operators in planar N = 4 SYM theory. It would be very interesting to combine all these results into a single description of very general correlators.
We present some non-trivial checks of (12) against available perturbative data in section 2. In section 3 we present the derivation/motivation of our conjecture. We also present some speculative remarks in that section. Sections 2 and 3 can be read independently of each other. Additional details are presented in the appendices.
Conjecture versus Data
In this section we compare our prediction (12) with the results in the literature obtained by direct perturbative computations. We find perfect agreement with all the available data.
Twist 2 operators
We start by studying the simplest possible case in figure 1 where the non-BPS operator has minimal twist L = 2 (and l = 1). As is well known, for even spin there is a single primary operator of the form (4) with twist two and for odd spin there is no primary operator at all with this twist. Indeed, there is a single solution to the Bethe equations (6) for L = 2 and S even and there are no solutions for L = 2 and S odd. Furthermore, for L = 2, the Bethe roots u j = u
j + . . . are also particularly simple to find. To leading order, they are given by the zeros of a Hahn polynomial [17] ,
With Mathematica, the roots of the Hahn polynomials for each spin S can be computed with arbitrary precision. Once the leading order position of the Bethe roots is found, the quantum corrections u (1) j are computed by linearizing the Bethe equations around this solution. This can again be done with arbitrarily high precision. Finally, the Bethe roots are plugged into (12) . It turns out that the final result for the (square of the) structure constant (12) up to one loop can be expressed in terms of rational numbers. For example, for the first few spins we find,
(C
and so on. These are the integrability based predictions for the correlator in figure 1 for L = 2, l = 1 and generic N (in this simple case the N dependence cancels out).
At tree level this structure constant was first computed by Dolan and Osborn in [18] by analyzing the operator product expansion of four BPS operators. Since there is a single primary with twist L = 2 and two units of R-charge its contribution to the OPE is particularly simple to single out. This analysis was generalized to one loop in [19] . The results of [18] and [19] read
which perfectly agree with our predictions (17) . Recently, this same three-point function was also computed directly in perturbation theory in [20] .
Recently, the computation of four point functions of BPS operators in the so called 20 representation was revived due the discovery of a hidden permutation symmetry [21] which completely determines the correlation function integrand up to remarkably high loop orders [22] . Eden managed to OPE decompose these results thus predicting the value of the structure constant in (18) up to three loops for arbitrary spin S [23] . Any proposal for the higher loop corrections to the integrability result (12) ought to reproduce this formidable amount of data. Hopefully this can be used as a powerful guiding principle when looking for such corrections.
Higher twist operators
We shall now repeat the previous analysis for operators with larger twist. One important difference is that for larger twist L, the spin S is not enough to uniquely specify the primary operator. Instead, there are several primary operators with the same spin and these are in one to one correspondence with the several solutions to the Bethe equations (6) . For each primary operator we can predict the corresponding structure constant in (1) by simply plugging the corresponding solution to the Bethe equations {u 1 , . . . , u S } into (12) . For example, for L = 4 and spin S = 4 there are five solutions to (6) . One such solution is given by
(It is trivial to arbitrarily increase the precision of these roots as needed.) We can now plug these Bethe roots into (12) to obtain structure constant in (1) for the corresponding primary operator.
We should also specify N and l which parametrize the BPS operators, see figure 1. For L = 4 the most symmetric setup is the one where the BPS operator is evenly split in two, that is for l = 2. The N dependence is not so interesting since it factors out in (12) but we do want it to be positive, see footnote 2. Hence, for concreteness let us consider the simplest possible case corresponding to N = 1 and l = 2.
Then, we find, for the Bethe roots (19) , the following prediction:
We would now like to check this result against a direct field theory computation.
More precisely, the tree level result in (20) does not need to be checked since it is derived in section 3.2 and hence it is definitely correct. However we would like to check the one loop correction which is a conjecture. Unfortunately, there is no direct perturbative computation of structure constants of higher twist operators. The work [20] considered twist 2 operators only. It would be very interesting to generalize [20] to arbitrary twist and check our predictions such as (20) for arbitrary twist L and spin S primaries.
In the meantime, to check out conjectures, we consider a small detour. We will see that while we can not match the values of individual structure constants such as (20) we can easily check particular sums of structure constants involving all possible primaries of a given spin and twist.
Sum Rules and the OPE Decomposition
One way of obtaining structure constants which does not rely on computing directly three point functions in perturbation theory is by analyzing four point correlation functions. In this approach one decomposes these objects in conformal partial waves and reads off dimensions and structure constants of the operators flowing in this decomposition [18] . In perturbation theory we expand around the point g = 0 where there is a huge degeneracy. Hence, the conformal partial wave decomposition -in its most obvious form -yields particular sums of structure constants for primary operators with the same twist and spin. This approach is particularly powerful because from a single four-point function we can extract infinitely many such sums for infinitely many operators that flow in the OPE.
With this motivation in mind, we now split our discussion into two parts. We start with a discussion on the computation of such sums from the integrability point of view. Afterwards we match these against explicit OPE decompositions of four-point functions available in the literature.
The sums P (n,m) S that will arise in the OPE can be concisely described with the generating function
4 We added a subscript u to the anomalous dimension (10) and to the structure constant (12) to emphasize that they depend on the particular solution to the Bethe equations. In (21) , y is simply a bookkeeping parameter used to define the generating function. Since the anomalous dimensions γ u = O(g 2 ), once expanded in perturbation theory, the y-dependence of the right hand side of (21) matches that in the left hand side such that the sums P (n,m) S are properly defined. Their (even more) explicit expressions are given in appendix B. . . .
The sums P (n,m) S
only depend on the integers S, L as well as l and N , recall figure 1. In appendix B, they are explicitly written down in terms of the (loop corrections to the) structure constants and anomalous dimensions. The sums P (n,m) S with m = 0, 1, . . . , n appear in the decomposition of a four point function at n loops.
With our one loop prediction (12) we can already predict an infinite subset of these sums. More precisely we can predict the values of P (n,n) S and P (n,n−1) S for any n. With a two loop conjecture for the structure constant we could also predict P (n,n−2) S and so on.
It turns out that the sums P . For L = S = 4 there are five solutions to Bethe equations (6); one of them yields the structure constant (20) . We now find all five solutions, plug them in (10) and (12) and add them up as in (21) . We find a nice surprise. We obtain five sols
which is a clear rational number (we adjusted the precision of the several terms to highlight the periodic nature of the digits characteristic of rational numbers). That is, we get
In the same way we can predict several more sums for different values of S (keeping the same twist L = 4 and also N = 1 and l = 2 as above). For example, for n ≤ 3 we find Table 1 .
All the very non-trivial looking rational numbers in table 1 can be matched against perturbative data by OPE decomposing appropriate four-point functions as we now explain.
Consider the correlation function of four BPS operators
where z andz are the usual cross-ratios
which behave as z,z → 0 in the OPE limit x 1 → x 2 which we will be considering. The OPE expansion is a double expansion in z andz where powers of z are the conformal spins (dimension plus spin) of the exchanged operators whereas powers ofz measure their twists (dimension minus spin), see [18] for more details. Now, the OPE of Tr(ZZX)(x 1 ) and Tr(ZZX)(x 2 ) produces operators with 4 units of R-charge in the Z direction. Hence, the operators with the smallest possible twist in this OPE are of the form of (4) with twist L = 4. Therefore, the contribution of the leading twist operators to G(z,z) is completely governed by the sums P (n,m) S introduced above. This contribution is given by the leading terms asz → 0 as we now review. More precisely we have,
At order n in perturbation theory
log(zz) of degree n given by
where the functions f S (z, τ ) are fixed by conformal symmetry and take the form
This is easily derived from thez → 0 expansion of the standard conformal blocks, see e.g. [18] . These functions admit a regular expansion at small z,
The larger S is, the more suppressed f (m) S are in the OPE limit.
Finally, since many of the P (n,m) S 's in (25) can be predicted from (12), we can predict a great deal about the behaviour of the four point function in the OPE limit z,z → 0. Using the values in table 1 in (25) we get the prediction
We can now compare the prediction (27) against a direct perturbative computation of the four-point correlation function (22) . This quantity was computed up to two loops in [19] . Expanding their result in the OPE limit we find (see appendix A for more details)
We now discuss the comparison between (27) and (28) . First, and most importantly, we note that the terms that are captured by both expressions perfectly match! These are the two leading powers of τ up to two loops -shown in blue in the first three lines of (27) and (28) . The remaining terms in these expressions -coloured in magenta -are also very interesting as we now discuss.
From the terms in magenta in the perturbative computation (28) we can now read off the sums P (2,0) S , see table 2. All these numbers should be matched against any candidate for the next quantum correction to (12) . For example, one could try to cook up an educated guess for the two loop correction to (12) and use this data to constrain the potential of this guess. We played a bit with these ideas but we were not imaginative enough to come up with the right ansatz thus far. 
The terms in magenta in the integrability expression (27) are also interesting. They provide predictions to the next loop corrections (3 loops and higher) to the four-point correlation function (22) which might be useful in constraining or simplifying the perturbative computation of this object.
We repeated this comparative analysis for several other cases. In appendix C, for example, we present the analogue results for the sum rules P (n,m) S for twist L = 3 (and l = 1) and also for twist L = 6 (and l = 2).
Finally, we should point out that, we could also consider slightly more general sums involving a product of two different structure constants. That is, we could construct (z,z) ,
we would be able to read off the sums (29) In table 5, in appendix C, we present the integrability predictions for the sum rules (29) for this case. From these sums, following the same kind of analysis as above, we could predict thatG(z,z) =z 2f (z, τ ) + O(z 3 ) wheref (z, τ ) is given in (68) in appendix C. 6 Chicherin and Sokatchev kindly shared with us their unpublished two loop result for (a generalization of) the four-point correlation function (30) [25] . We OPE expanded their proposal finding perfect agreement with our predictions forf (z, τ ). From their two loop results one can also extract the first two loop data for the asymmetric sum rules (29) .
We should emphasize again that all these detours -involving constructing and checking sum rules for structure constants rather than the structure constants themselves -steam from the absence of any perturbative results for three-point functions involving operators of generic twist. It would be very interesting to develop further the perturbative side of this story and directly check our predictions such as (20) against a direct perturbative computation of the three point function (1).
Alternatively -and given that these sum rules seem to be simpler than the individual terms in the sum -it would be interesting to develop an integrability based approach for computing the sums directly.
3 Derivation (tree level) and educated guess (1 loop) In this section we explain how (12) arises from an integrability based approach. At tree level, we derive this result; at one loop it is an educated guess whose motivation we will present.
The (ultra-local) wavefunctions for the operator O S
One important ingredient in the three-point function (1) is the form of the non-BPS operator (4). Since we are interested in the one loop structure constants we need the non-BPS operators at O(g 2 ). These operators diagonalize the two loop planar dilatation operator of N = 4 SYM.
Strictly speaking, the form of an operator is not a very physical quantity since we can always change it by performing field redefinitions. In other words, we can always apply similarity transformations to the dilatation operator. Still, we can adopt a particular scheme. Physical quantities such as the structure constants and the operator dimensions will not depend of that choice.
In the literature there are two representations of the dilatation operator, related by a similarity transformation. One was worked out by Eden and Staudacher in [26] and the other by Zwiebel in [27] . Each has its own advantages and drawbacks. The representation of [26] is very simple and explicit however it was worked out only for operators with spin S = 1, 2 or 3. The representation of [27] can be applied for operators of any spin however it is considerably harder to manipulate. 7 We checked explicitly that for S = 1, 2 or 3 the two Hamiltonians are related by a similarity transformation. We will mostly use [26] ; some comments on the comparison with [27] are presented in appendix D.2.
For spin S = 1, 2 and 3 the eigenvectors of the dilatation operator of [26] take the form (4) with the wave functions
ψ(n 1 , n 2 ) = φ 12 + S 12 φ 21 ψ(n 1 , n 2 , n 3 ) = φ 123 + S 12 φ 213 + S 23 φ 132 + S 23 S 13 φ 312 + S 12 S 13 φ 231 + S 12 S 13 S 23 φ 321 7 In the representation [27] the Hamiltonian is written in terms of a bilinear of supercharges Q. The full Hamiltonian acts inside the SL(2) sub-sector (4) as expected but each individual supercharge does not. Hence, to deal with this representation, in intermediate states we need to consider more general operators, with fermions and so on. For large spins, this makes the use of this representation very cumbersome, even using a computer.
We now explain in detail the meaning of these symbols. First note that we can also change the overall normalization of the wave functions such that the two-point functions satisfy (2). The S-matrices S ab = S(u a , u b ) in (31) appeared already in the introduction. As mentioned there, the Bethe rapidities u a are a particularly nice parametrization of the momenta p a = p(u a ) which are quantized according to the Bethe equations (6) . Finally, we have the plane waves
where δ a 1 ...a S are the so called contact terms or fudge factors introduced in [5] . They are zero if the particles are well separated. Let us postpone their discussion for now.
Clearly, these wave functions have a transparent physical meaning. They describe a set of particles which scatter among themselves in a factorized way. Their form is typical of integrable models with local interactions and is said to be of Bethe ansatz form. The Bethe equations (6) are nothing but the periodicity condition for these wave functions. The generalization to more particles is then straightforward: we simply add up S! plane waves decorated by the appropriate products of S-matrices.
It is also clear from this physical picture that a Bethe ansatz might need to be slightly improved if the interactions have some finite range. When the particles are within the interaction range the wave functions should be corrected. In N = 4 SYM the planar dilatation operator can be thought of as a local Hamiltonian whose range increases by one unit at each order in perturbation theory. The contact terms δ a 1 ...a S precisely take into account the finite range nature of the interactions and correct the wave function for nearby particles. For a single particle δ a = 0. For two particles the most generic contact term that we might expect to encounter at two loop order would take the form
while for three particles the most general form of contact terms would be
for n 2 − n 1 = 1 and n 3 − n 2 > 1 ,
for n 2 − n 1 = 0 and n 3 − n 2 > 1 ,
for n 2 − n 1 = 0 and n 3 − n 2 = 1 ,
for n 2 − n 1 = 1 and n 3 − n 2 = 0 ,
for n 2 − n 1 = 1 and n 3 − n 2 = 1 ,
for n 2 − n 1 = 0 and n 3 − n 2 = 0 .
Again, so far, everything we wrote is very generic and would be roughly the same for any integrable model with such finite (but short) range interactions. This formalism was dubbed as asymptotic Bethe ansatz in [28, 5] .
We will now review a very special feature of this particular SL(2) spin chain which we dub as ultra-local nature of the contact terms. It turns out that we only have non-zero contact terms at one loop when the particles are right on top of each other. There is no contact terms when they are next to each other,
and
That is, up to three particles we actually only need two contact terms:
This was also pointed out in [26] . The precise form of the two relevant contact terms is written in the appendix D.1, see (69) and (70).
At this point it is very natural to assume that this ultra-local simplification generalizes in the most obvious way to four and more particles as well. This is the most important outcome of all this discussion and we will make use of this later when arguing for (12) . Unfortunately, since the Hamiltonian in [26] was only written up to S = 3 it is not possible to straightforwardly check this conjecture for a few more cases with S = 4, 5 etc.
Finally, we found that the norm of the states (31) are given by the typical Gaudin's norm. This was checked at tree level already in [2] but here we checked it for the quantum corrected states (31) as well. We found that
In the structure constant this factor should appear in the denominator since we should normalize the non-BPS operator O S as in (2) . This explains the factor 1/B in (12) . In the next sections we discuss the factor A l , the most interesting part of the full result.
Tree-level derivation
At tree level we can know everything about all the three states in (1) and all we need to do is Wick contract them to compute the structure constant (12) . We now sketch the derivation, following [2] closely (see in particular section 3.1 in [2] ).
To evaluate (1) at tree level we split the bottom state into two spin chains of length l and L − l as depicted in figure 1. In the left and right subchains we can have any number M and S − M of derivatives, respectively.
8 Very explicitly, by plugging the states (4) and (3) into (1) and performing all Wick contractions we end up with
where N is a simple factor due to the normalization of each of the three operators; for example, it contains the Gaudin norm (37) discussed in the previous section. 9 This expression can be dramatically simplified as we now explain. First note that for each value of M we get a space dependence proportional to From conformal symmetry, we know that at the end of the day the sum over M in (38) must be proportional to the last factor in (1) 
Hence, we can simply consider the M = S case since all other terms must yield the same result up to a simple combinatorial factor. The M = S term in (38) simplifies enormously sinceᾱ is the empty set. Therefore
Furthermore, the sum in the parentheses is nothing but the scalar product between an SL(2) off-shell Bethe state and a vacuum descendent. Those scalar products can be computed straightforwardly by changing a few signs in the SU (2) result -see appendix A.2 of [2] -and yield the factor A l in (12) . This concludes the sketch of the tree level derivation.
One-loop conjecture
In the previous section we derived (12) at tree level. At one loop the structure constant receives g 2 corrections due to two different effects. 9 The relation between the two point function of spin operators and the Gaudin norm is most easily established by employing a basis where Wick contractions and spin chain scalar products are equivalent, see e.g. footnote 12 in [29] . 10 The factors of m j in (5) neatly drop out when taking the derivatives of the propagators in (38) .
• On the one hand the wave functions in (4) get corrected. This includes corrections to the S-matrices of the excitations as well as the inclusion of the contact terms discussed in section 3.1. Unfortunately we do not have a solid description of the quantum corrected states for S ≥ 4.
• On the other hand, at one loop, we need to add loops to the tree Wick contractions discussed in the previous section. This second effect can be taken into account by inserting a splitting operator acting on the legs in figure 1 at the splitting points as described in [30, 31] . Such operators are well understood for three-point functions involving scalars [30, 31] . Unfortunately, for operators involving derivatives they are not known in full generality. It should be possible to generalize the results of [20, 31] to eliminate this gap.
Given our ignorance about either type of corrections we have to resort to some guesswork to motivate (12) .
Our main assumption is that the form of the result is a minor deformation of the tree level result. That is we assume that
where
In this ansatz S(u, v) is the loop corrected S-matrix which is known. So the only unfixed ingredients in our guess are the quantum corrections to the prefactor
and to the function
It is very important to point out that the ansatz (41) is not a random guess. On the contrary, in the computation of a similar structure constant -but with the non-BPS operator made out of scalars (instead of derivatives) -the quantum corrected result took exactly this form [3] . This is the main motivation for (41).
In the SU (2) scalar case the quantum corrected structure constants were actually derived rigorously in [3] and, in particular, the outcome of this computation yielded a particularly simple result for the prefactor, namely
As our very first guess we assume that our simple prefactor in (4) takes the same form.
Next we turn to the quantum corrections to the function f(u, v) in (44) . This function can be constrained by two simple requirements.
• First we impose that our result should be invariant under l ↔ L − l since this is an obvious reflection symmetry of our setup, see figure 1 . In other words, we should have
• Next we impose that A 0 = 0. When l = 0 the three point function of one non-BPS primary operator with two BPS operators formally reduces to a two point function between a non-BPS operator and a BPS operator. The latter should clearly vanish hence we impose that A 0 = 0.
This assumption looks very innocent but it is actually a bit trickier than it sounds; it does not hold for the SU (2) case mentioned above, for example, while naively the exact same logic would lead to this same conclusion. For now let us ignore this subtlety; we will come back to this point in the next subsection.
To analyze the consequence of the previous two requirements it is enough to consider the case with two excitations. According to the previous two points we should have
In the second line we can get rid of L by using the Bethe equations e −ip 1 L = S(u 1 , u 2 ) and e −ip 2 L = S(u 2 , u 1 ) = 1/S(u 1 , u 2 ). Combining both equations we find the remarkably simple result
which expanded in perturbation theory leads to (15) . Nicely, (48) automatically leads to A L−l (u 1 , . . . , u S ) = A l (u 1 , . . . , u S ) for any l and for any S.
This concludes our motivation of the conjecture (12) . Given that many points lack a solid derivation it is very important to check this prediction against perturbation theory to provide solid evidence for it. This was the purpose of section 2.
Further Comments and Speculative Remarks
As anticipated above, the assumption A 0 = 0 is not as innocent as it might sound since the l → 0 limit might be singular. Indeed, this same requirement should naively also apply to the SU (2) setup studied in [2] however in that case [3] 
That is, for the SU (2) case the relation (48) only holds at tree-level while in SL (2) we claim that it holds at least up to one loop.
One possible explanation is the following. When splitting an SL(2) state into two subchains we get (a sum of) two decoupled Bethe states on each subchain. This holds because of the ultra-local nature of the contact terms reviewed in section 3.1. This is why the l → 0 limit of the structure constant is very non-singular and our argument above for A 0 = 0 should hold for our SL(2) setup. In contradistinction, the SU (2) contact terms, which appear at order g 2 , are not ultra local [3] . Therefore, when we cut an SU (2) chain, the states on each of the two resulting subchains know about each other. As such, the l → 0 limit of the SU (2) structure constant is potentially more singular at one loop level. This is probably why we do not have the right to impose the A 0 = 0 condition for the SU (2) case beyond tree level.
Incidentally there seems to be a nice connection between the ultra-locality of the SL(2) states and some manifestation of dual conformal symmetry of the eigenstates [32, 33] . Hopefully, this approach will clarify this unusual ultra-locality. Furthermore, if this ultra-locality were preserved at higher loops we could probably conjecture the next quantum corrections to (12) by following the logic outlined in the previous subsection.
This concludes the discussion of the subtle requirement A 0 = 0. We would now like to discuss the other main requirement, namely the condition A L−l = A l . This relation should be quite robust since it only relies on an obvious reflection symmetry of our SL(2) three point functions, see figure 1. It is bound to work as well for the SU (2) case, see figure 2 . This condition is not enough to fix the function f completely however it does imply that
This relation is indeed satisfied both in the SU (2) and in the SL(2) cases at tree level and at one loop. If the all loop expression for the structure constant is given by a deformation of (41) , where A l is still given by a sum over partitions of Bethe roots as in (43), then (49) should hold to all loops. Of course, this is a big if.
Nonetheless, the relation (49) resembles some sort of Watson equation for form factors [34] . Perhaps this is more than a coincidence. After all, as recently advocated [35] , it is natural to expect form factors to play an important role in the study of three-point functions. Can f be given some nice finite coupling definition in terms of form factors of the BMN string? If so, we might hope to bootstrap it exactly.
Relations of the form (49) recently played a central role in a very different context, namely in the computation of null polygonal Wilson loops in planar N = 4 SYM theory [36] . There, the so called fundamental relation is a functional equation for the so called pentagon transitions P which reads [36] 
where S(u, v) is the S-matrix for the fundamental excitations on top of the GKP state. One might wildly speculate whether the pentagon transitions P (u|v) and our function f(u, v) are not so different after all. Can it be that they are similarly defined objects but naturally defined on top of different vacua? (namely the BMN string [37] for f(u, v) and the GKP string [38] for P (u|v))
It would be very interesting to study the next loop correction to (41) and confirm that it is still given by some simple deformation of (43) and (42) . This would definitely give very strong support to these speculative ideas and strongly motivate us to push them further.
Along these lines, it would be interesting to investigate whether the strong coupling results [39] can be written as (the classical continuum limit of) some strong coupling deformation of (43) or of its scalar counterpart [13, 3] .
Finally, it would be fascinating to develop further the (algebraic) integrabity description of the eigenstates of the dilatation operator at higher loops. For operators with derivatives we have roughly no control over the operators beyond one loop. With an algebraic descriptioǹ a la [3, 40, 41, 42] we would be able to make substantially more rigorous progress, with considerably less guesswork.
A More details on the twist 4 analysis
In [19, 24] the general four-point function for the following scalar operators is given explicitly up to two loops,
where p is the twist of the BPS operators and j = 1, . . . , 4. The polarization vector t j is null and the index a n = 1, . . . , 6 in the usual SO(6) R-charge index. To make contact with our correlation function (22) we choose p = 3 and take the polarization vectors to be the following:
and likewise for the other external operators in (22) . Therefore the polarized four-point function (22) 
In this way we read off G(z,z) from [19, 24] . Its OPE expansion is given in (28) .
B Explicit expressions for the sums P (n,m) S
In perturbation theory we have
such that, from (21) we find (the sums are sums over all solutions to Bethe equations for a given L and S)
etcetera.
C Other examples: Twist 3, Twist 6 and a special Twist 4
In this appendix, we present some more sum rules and their relation to the conformal partial wave expansion of the corresponding four-point functions.
C.1 Sums from Integrability and Comparison with One Loop Correlators
Here we present the sums (21) and (29) obtained by solving the Bethe equations and using (12) for a few different cases, see tables 3, 4 and 5. . . . 
while . . .
The comparison between the OPE decomposition of (66) and (67) and the corresponding tables 3 and 4 goes exactly as for the example discussed in section 2.3. Here, we extracted the correlation functions (66) and (67) from [43, 44] and [45] respectively. ; unfortunately we have some preliminary evidence against this natural guess.
D.2 Zwiebel and Eden-Staudacher representations
As mentioned in section 3.1 another two dilation operator was proposed by Zwiebel in [27] . It should differ from the one in [26] by a similarity transformation, i.e. by a change of basis. For example, for 2 and 3 particles we found that the two wave functions are simply related by a change of basis given by while for excitations which are more widely separated there is no need for any change of basis. In the Zwiebel's basis the wave functions still take the form (31) but now all of the contact terms in (33) and (34) 
The three particle contact terms can also be trivially obtained by following the change of basis written above but they are quite messy and unilluminating to be written down.
E Comparison with SU (2)
Here we review the value of the SU (2) structure constant -depicted in figure 2 -at tree level and one loop [3] . We massage slightly the result in that paper by conjugating it and then choosing the phase of the non-BPS operator so that the structure constant is real (for real roots). We have 
with the SU (2) S-matrix 
The reader might be puzzled as the S-matrix S SU(2) (u, v) and the function f SU(2) (u, v) in this appendix are the complex conjugate of the expressions reported in [3] . However, we should note that the ip(u j )L factors in (74) and (76) also appear with an opposite sign compared with [3] . That is, our expressions are simply the complex conjugate of those in [3] . Since the final result is real this complex conjugation is not an issue. We chose to perform this conjugation to highlight the similarities between the SU (2) and the SL(2) results in the conventions (for the S-matrix) used in this paper.
